Abstract. Let R be a regular local ring and A an algebra over R which is finitely generated and free as an /{-module. Defining the Hochschild dimension of A as R-dimA = left hdA,(A), we show the following: if A modulo its prime radical L(A) is Ä-free and Ä-dim A/L(A) = 0, then Ä-dim A = left hdA(A/L(A)). Using localization and sheaf theoretic techniques, the result is generalized to regular rings and to absolutely flat (von Neumann regular) rings. The relationship between the A -homological dimension of the algebra A modulo its prime radical and the algebra modulo its Jacobson radical is explored in view of this result.
The purpose of this note is to explore the relationship of the Hochschild dimension of an associative algebra A over a commutative ring R to the projective dimension as an A -module of A modulo its prime radical L(A). This extends a result of S. Eilenberg [2, Theorem III] .
Throughout we will assume that all rings have one and that all modules and homomorphisms are unitary. We shall say that an Ä-algebra A is finitely generated (or projective) if A is finitely generated (or projective) as an /?-module. L(A) will denote the prime radical (Baer lower radical) of the algebra A. N = J(A) shall denote the Jacobson radical of A.
We shall always mean by "hd" the left projective dimension. The Hochschild dimension of an algebra A over R, denoted R-dimA, is the left projective dimension of A considered as an A <8>Ä A09 = v4*-module. An /?-algebra A is said to be separable if Ä-dim A = 0.
Several preliminary results are required. They are stated here for convenience. The first result is a change-of-rings theorem demonstrated in [3, Theorem 9, p. 178].
Result 1. Let (x) be an ideal of any ring R with x lying in the Jacobson radical of R. Assume x is a central nonzero divisor on R and on a left Ä-module M. Then hdR(M) = hdÄ/w(M/(x)M).
The second result is the Theorem III of S. Eilenberg [2] . Result 2. If A is a finitely generated algebra over a field R and A modulo its Jacobson radical N is Ä-separable, then /?-dim A = hdA(A/N).
The third result is proved in [7, Theorem 2.1]. Result 3. Let A be a finitely generated projective Ä-algebra with Ä-dim A < oo. The following are equivalent: -(a) R-dimA = n.
(b) Äm-dim Am < n for every maximal ideal m of R and equality holds for some m.
(c) Ä/m-dim A/xn A < n for every maximal ideal m of R and equality holds for some m.
This result has the following corollary. Result 4. If R is a local ring, 91 any ideal of R, and A is a finitely generated, projective Ä-algebra, then Ä-dim A = Ä/91-dim A/%A.
The main result we wish to prove is Theorem A. Let R be a regular local ring, A a finitely generated, free R-algebra with A/L(A) R-free and R-separable. If the Hochschild dimension of A is finite, R-dimA = hdA(A/L(A)).
Proof. The proof follows by induction on the global dimension of R. If gl dim R = 0, then (1) R is a field; (2) the prime radical equals the Jacobson radical of A. This then reduces to the Eilenberg Theorem, Result 2.
Let us assume that the theorem is true for all regular local rings of global dimension less than k and let gl dim R = k. By [7, p. 73] , there is a principal minimal prime ideal (x) contained in R such that gl dim R/(x) = k -1. Now x is contained in the Jacobson radical of R and, since every projective module over a local domain is torsion-free, both A and A/L(A) have x as a nonzero divisor.
is finitely generated, projective, and separable over R'. Since R is a domain, one may readily verify that In order to extend this result to more general settings, we need the following proposition on the projective dimension of finitely generated modules over finitely generated projective Ä-algebras.
Proposition
1. Let R be a commutative ring and let A be any finitely generated projective R-algebra and M be a finitely generated, R-projective left A-module. As m varies through the set of maximal ideals of R, hd^M) = sup(hdAm(Mm)).
Proof. Using the arguments of [5, Proposition 8, p. 146], we can construct projective resolutions of the module M in which every term is finitely generated. Thus if M has weak A -projective dimension n, the A -projective resolution 0-» Kn -» />"_,-* • • • -» P0-* M -^>0 must have Kn flat as an A -module. But the construction of the projective resolution guarantees that Kn is also finitely presented over A and thus K" is also ^-projective. Hence hd^M) = w hd^M).
Since it is well known that w hd^M) = supm(w hd^JAf)) as m varies through the maximal ideals of R, we may use the above argument to substitute on both sides of the equation to obtain the desired result. (One can also note that the hypotheses of projective in Proposition 1 may be replaced by the assumption that R is noetherian.)
We shall say that a commutaive ring R is an HD-ring if for every finitely generated, projective Ä-algebra Combining Theorems A and B with the results of [7] we obtain interesting results relating the projective dimensions of A/L(A) and A/N. Theorem C. Let R be a regular local ring and let A be a finitely generated, projective R-algebra of finite Hochschild dimension. Suppose that A / L(A) is a finitely generated, projective, separable R-algebra. The following hold in this setting: One may obtain a result corresponding to Theorem B for commutative rings with infinitely many proper idempotents using the sheaf-theoretic techniques of R. S. Pierce [6] whose terminology we employ here. Proposition 2. Let R be a commutative ring and X(R) be its decomposition space. Let A be a finitely generated, projective R-algebra and M be a finitely generated A-module.
Then (i) w hd^M)
= sup(w hd^ (Mx)) where the supremum is taken over all x in X(R). If M is also R-projective, (ii) hd^M) = sup(hd^ (Mx)).
Only the basic requirements for the proof will be given as ,t follows many standard results of this type, in particular the proof of Proposition 1.1 of [9] . One uses that (a) Rx is a flat Ä-module for each x in X(R); (b) the definition of flat in terms of elements of A and M; (c) the fact that relations such as those in (b) may be globalized from each of the sections. These are sufficient to prove 2(i).
The projectivity condition is required in 2(ii) to guarantee that a finitely generated flat module is finitely presented over A, when it occurs in a standard projective resolution of M, and hence must be A -projective. We have thus far ignored commutative rings R with nonzero lower radical L(R). We are however able to prove the following result.
Theorem E. Let R be a commutative ring such that R/L(R) is an HD-ring. Let A be a finitely generated projective R-algebra with A / L(A) projective over R/L(R).
Proof. Since L(R) is contained in every prime ideal and hence in every maximal ideal of R, it follows from Result 3 that
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use This parallels the result for R a field where L(A) equals the Jacobson radical of A and gives the internal characterization of algebras of Hochschild dimension one.
The author conjectures that if R is a regular local ring, A is a finitely generated, projective Ä-algebra of finite Hochschild dimension, then A/L(A) is 7?-separable.
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